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ON THE RELATION BETWEEN THE WRT INVARIANT
AND THE HENNINGS INVARIANT
QI CHEN, SRIKANTH KUPPUM AND PARTHASARATHY SRINIVASAN
Abstract. The purpose of this note is to provide a simple relation be-
tween theWitten-Reshetikhin-Turaev SO(3) invariant and the Hennings
invariant associated to quantum sl2.
1. Introduction
For any quantum group associated to a finite dimensional Lie algebra,
there are two ways to obtain invariants of closed oriented 3-manifolds. The
first one, predicted by Witten and rigorously constructed by Reshetikhin
and Turaev, uses the representation theory of the quantum group at roots
of unity. The second one, introduced by Hennings in [He], uses the integral
of the quantum group at roots of unity. While the first one has been in-
tensively studied because of its connection to various areas of mathematics
and physics, the second one receives relatively low attention. In this note
we will show that despite very different origins they are essentially the same
for rational homology 3-spheres.
For any 3-manifold M , denote by h(M) the order of H1(M) if it is finite
and 0 otherwise. For any complex root of unity ζ of odd order, let τζ(M)
be the Witten-Reshetikhin-Turaev SO(3) invariant (or WRT invariant for
short), defined first in [KM], and ψζ(M) be the Hennings invariant associ-
ated to quantum sl2 at ζ. These two invariants are related by the following
theorem.
Theorem 1.1. If ζ is a complex root of unity of odd order > 1 then
ψζ(M) = h(M) τζ(M). (1)
The first indication that there might be such a relation is stated in Remark
2.11 of [O1]. It is formulated explicitly in [K5] as Conjecture 18. See also
Problem 8.18 (1) of [O3]. The special case, when M is a lens space and the
order of ζ is an odd prime, is proved in [K3] Corollary 16.
Remark 1.1. Kerler analyzed the center of quantum sl2 at any odd root of
unity in [K2]. The proof of Theorem 1.1 is based on this result. Recently
Feigin et al. gave similar analysis on the center of quantum sl2 at any even
root of unity in [F]. (We thank the referee for pointing out this reference to
us.) One would guess that the same proof given in this paper should work
for the even root case. But it turns out that an equation similar to (24) in
this case is not true.
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Remark 1.2. The WRT invariant and the Hennings invariant can be defined
for higher rank quantum groups. In that case (1) should still be true if we
raise h(M) to a certain power. We will discuss this in a different paper.
Acknowledgment. The first author would like to thank L. Kauffman, T. Le,
T. Ohtsuki, D. Radford and especially T. Kerler for helpful discussions. The
authors also would like to thank the referee for many valuable suggestions.
2. The WRT and the Hennings invariants
In this section we will first review quantum sl2 at roots of unity and
then give some quick account for the associated WRT and Hennings invari-
ants. Both invariants can be conveniently calculated through the universal
quantum sl2 invariant of links.
2.1. Quantum sl2 at roots of unity. Let ℓ > 1 be a positive odd integer
and ζ be a primitive ℓ-th root of unity. The quantum sl2 at ζ, denoted Uζ ,
is an algebra over Q(ζ) generated by K,E and F with relations:
Kℓ = 1, Eℓ = F ℓ = 0,
KE = ζ2EK, KF = ζ−2FK, EF − FE =
K −K−1
ζ − ζ−1
.
It can be given a ribbon Hopf algebra structure with the ribbon element r
(see (12)) and the universal R-matrix
Rζ = ΘζDζ , (2)
where
Θζ =
ℓ−1∑
m=0
(ζ−1 − ζ)m
ζ
m(m−1)
2 [m]!
Fm ⊗ Em (3)
is the so called quasi-R-matrix and
Dζ =
1
ℓ
∑
06i,j6ℓ−1
ζ2ijKi ⊗Kj (4)
is the diagonal part of Rζ . Here the quantum integer is denoted [j] =
ζj−ζ−j
ζ−ζ−1 .
One has
(Ei ⊗ 1)Dζ = Dζ(E
i ⊗Ki), (1⊗ Ei)Dζ = Dζ(K
i ⊗ Ei), (5)
(F i ⊗ 1)Dζ = Dζ(F
i ⊗K−i), (1⊗ F i)Dζ = Dζ(K
−i ⊗ F i). (6)
Next we follow [K2] to describe the center Z(Uζ) of Uζ . First of all it
contains the Casimir element
C = (ζ − ζ−1)FE +
ζK + ζ−1K−1
ζ − ζ−1
.
RELATION BETWEEN QUANTUM INVARIANTS 3
Let bj = (ζ
2j+1 + ζ−2j−1)/(ζ − ζ−1) and
φ(x) =
ℓ−1∏
i=0
(x− bi). (7)
Set
φj(x) =
∏
06i6ℓ−1
bi 6=bj
(x− bi), 0 6 j 6 ~,
where ~ = (ℓ − 1)/2. Since bj = bℓ−1−j , deg(φj) = ℓ − 2 for 1 6 j < ~ and
deg(φ~) = ℓ− 1. Let
Pj =
1
φj(bj)
φj(C)−
φ′j(bj)
φj(bj)2
(C − bj)φj(C), 0 6 j 6 ~, (8)
and
Nj =
1
φj(bj)
(C − bj)φj(C), 0 6 j 6 ~− 1. (9)
To describe the other elements in Z(Uζ), we introduce the following polyno-
mials of K:
πj =
1
ℓ
ℓ∑
i=1
ζ2ijKi, 0 6 j 6 ℓ− 1,
and
Tj =
ℓ−1−j∑
i=j+1
πi, 0 6 j 6 ~− 1.
Let
N ′j = TjNj , 0 6 j 6 ~− 1. (10)
It was shown in [K2], where N ′j is denoted N
+
j , that Z(Uζ) is a (3~ + 1)-
dimensional vector space with basis
{Pi, Nj , N
′
j , 0 6 i 6 ~, 0 6 j 6 ~− 1}. (11)
The basis elements satisfy:
PiPj = δijPi, PiNj = δijNj, PiN
′
j = δijN
′
j
and
NiNj = N
′
iNj = N
′
iN
′
j = 0.
To simplify expressions, from now on we consider N~ = N
′
~
= 0 and use the
convention
N~/[ℓ] = N
′
~/[ℓ] = 0
although [ℓ] = 0. The ribbon element and its inverse can be written as
r±1 =
~∑
i=0
ζ±2i(i+1)
(
Pi ±
2i+ 1− ℓ
[2i+ 1]
Ni ±
ℓ
[2i+ 1]
N ′i
)
. (12)
For i = 0, 1, . . . , ℓ − 2, denote by Vi the irreducible (i + 1)-dimensional
representation of Uζ .
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2.2. The universal quantum sl2 invariant of bottom tangles and
links. We follow [H3]; also see [H1]. By a bottom tangle we mean an
oriented framed tangle, consisting of interval components only, embedded
in R2 × [0, 1) such that the i-th component starts from (0, 2i, 0) and ends
at (0, 2i − 1, 0). Two bottom tangles are equivalent if they are ambient
isotopic relative to boundary. For any bottom tangle, label its diagram by
elements from Uζ according to Figure 1, where Rζ =
∑
a⊗ b and S are the
universal R-matrix and the antipode of Uζ respectively. To get the universalPSfrag replacements
a b
S(a) b K
K−1
Figure 1.
invariant Γζ of bottom tangles associated to Uζ , one follows the opposite of
the orientation to multiply labels on each component. Hence if T is a bottom
tangle with m components then Γζ(T ) belongs to U
⊗m
ζ . It is well known that
if a ±1 full twist is inserted to a component then the corresponding tensor
factor in the universal invariant is multiplied by r∓1. In particular if t± is
the 1-component bottom tangle with a ±1 full twist then
Γζ(t±) = r
∓1. (13)
We want to extend the domain of Γζ to include framed links. In order
to do that we need the following notion from [H1]. Suppose A is a Hopf
algebra. For any A-module W , denote by
W¯ := W/{x(w)− ǫ(x)w : ∀x ∈ A, w ∈W}.
Denote by ⊲ the left adjoint action of A on itself, i.e.
x ⊲ y =
∑
(x)
x′ySA(x
′′), ∀x, y ∈ A,
where Sweedler’s notation is used for the coproduct ∆A(x) =
∑
(x) x
′ ⊗ x′′.
The universal quantum trace
trq : A→ A¯
is the canonical projection with A considered as an A-module through ⊲.
For any oriented framed link L, let TL be a bottom tangle whose canonical
closure is L. Set
Γζ(L) := trq ⊗ · · · ⊗ trq(Γζ(TL)).
It turns out that Γζ is an invariant of bottom tangles and links, cf. Section
7.3 of [H1].
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Remark 2.1. If A is a ribbon Hopf algebra and V is an A-module then the
quantum trace trVq (x) := tr
V (κx) factors through A¯. Here κ is the associated
grouplike element† of A, cf. Section 7.2 of [H1].
2.3. The WRT invariant. We now briefly define the WRT SO(3) invari-
ant. Set
ω = ωζ :=
(ℓ−3)/2∑
i=0
[2i + 1]V2i,
a special element in the representation ring of Uζ . Suppose that M can be
obtained from S3 by surgery along L. Impose an arbitrary orientation on
L. The WRT SO(3) invariant of M is
τζ(M) :=
trωq ⊗ · · · ⊗ tr
ω
q (Γζ(L)).
trωq (r
−1)σ+trωq (r)
σ−
,
where σ+ (resp. σ−) is the number of positive (resp. negative) eigenvalues
of L’s linking matrix. The discrepancy of the signs in the denominator is
due to (13).
2.4. The Hennings invariant. The Hennings invariant is introduced in
[He] and further studied in [KR, O1]. See also Section 12 of [H1] for a
review of this invariant. Instead of using the representation theory of Uζ ,
the Hennings invariant makes use of a nonzero left integral for U∗ζ . Recall
that a left integral λ for A∗, the dual of a finite dimensional Hopf algebra
A, is an element in A∗ such that
f · λ = f(1)λ, ∀f ∈ A∗.
(Or equivalently λ is determined by the equation
(Id⊗ λ)∆(x) = 1Aλ(x), ∀x ∈ A,
where ∆ and 1A are the coproduct and the unit of A respectively.) Nonzero
left integrals for A∗ exist and are unique up to scalar multiples. Let
∫
ζ =
∫
Uζ
be the left integral of U∗ζ such that∫
ζ
F aKbEc = δa,ℓ−1δb,1δc,ℓ−1. (14)
Remark 2.2. Suppose A is unimodular, i.e. it has a left and right integral
for A. In this case the left integrals for A∗ factor through A¯, cf. Proposition
8 of [LS]. It is easy to check that F ℓ−1π1E
ℓ−1 is a left and right integral for
Uζ so Uζ is unimodular.
Suppose M can be obtained from S3 by surgery along a framed link L.
Impose an arbitrary orientation on L. The Hennings invariant of M is
ψζ(M) :=
∫
ζ ⊗ · · · ⊗
∫
ζ
(
Γζ(L)
)
(
∫
ζ r
−1)σ+(
∫
ζ r)
σ−
, (15)
†The associated grouplike element of Uζ is K
−1.
6 QI CHEN, SRIKANTH KUPPUM AND PARTHASARATHY SRINIVASAN
where σ+ (resp. σ−) is the number of positive (resp. negative) eigenvalues
of L’s linking matrix.
3. Proof of Theorem 1.1
We first state a special case of Theorem 1.1. Recall that a framed link in
S3 is said to be algebraically split if its linking matrix is diagonal.
Proposition 3.1. Let ζ be a complex root of unity of odd order > 1. Suppose
M is a rational homology 3-sphere which can be obtained from S3 by surgery
along an algebraically split link. Then (1) holds, i.e. ψζ(M) = h(M) τζ(M).
A proof of Proposition 3.1 is given in Section 4.3. Our main result follows
easily from this proposition.
Proof of Theorem 1.1. We divide the proof into three cases.
Case 1. Suppose that h(M) = 0. Ohtsuki proved in [O1] that in this case
ψζ(M) = 0. See also [K4].
Case 2. Suppose that h(M) 6= 0 and M can be obtained from S3 by
surgery along an algebraically split link. This case is just Proposition 3.1.
Case 3. Suppose that h(M) 6= 0 and M can not be obtained from S3 by
surgery along an algebraically split link. According to [O2], there exist lens
spaces L(n1, 1), . . . , L(nm, 1) such that
M ′ =M#L(n1, 1)# · · ·#L(nm, 1)
can be obtained from S3 by surgery along an algebraically split link. By
case 2, ψζ(M
′) = h(M ′)τζ(M
′). As τζ , ψζ and h are multiplicative with
respect to connected sum we have
ψζ(M)
m∏
i=1
ψζ
(
L(ni, 1)
)
= h(M)τζ(M)
m∏
i=1
|ni|τζ
(
L(ni, 1)
)
.
The formulas in [LL] indicate that τζ(L(ni, 1)) 6= 0, where τζ is denoted τ
′
ℓ.
Apply case 2 again, we have
ψζ
(
L(ni, 1)
)
= |ni| τζ
(
L(ni, 1)
)
.
Hence (1) follows, concluding the proof of Theorem 1.1. 
4. Proof of Proposition 3.1
A bottom tangle is said to have 0 linking matrix if its natural closure
has 0 linking matrix. For any m-component bottom tangle T with 0 linking
matrix, Γζ(T ) is a priori an element in U
⊗m
ζ . The key point of the proof
of Proposition 3.1 is to show that the element actually belongs to a smaller
set.
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4.1. The universal quantum sl2 invariant of bottom tangles with 0
linking matrix. Denote by Z ′ζ the subspace of Z(Uζ) spanned by polyno-
mials of the Casimir element C.
Lemma 4.1. A basis of Z ′ζ is given by {Pi, Nj , 0 6 i 6 ~, 0 6 j 6 ~− 1}.
Proof. According to [K2], (7) is the minimal polynomial of C. Hence Z ′ζ
has dimension ℓ = 2~ + 1. The lemma follows from the fact that every
polynomial of C is a linear combination of Pi and Nj , cf. (3.95) of [K2]. 
The following lemma is the key to our main result.
Lemma 4.2. Suppose T is a bottom tangle with 0 linking matrix. Then
(Id ⊗ χ2 ⊗ · · · ⊗ χm)(Γζ(T )) belongs to Z
′
ζ where χj : Uζ → Q(ζ) is linear
and factors through U¯ζ , 2 6 j 6 m, cf. Section 2.2.
Before giving a proof of this lemma, we need to define three more versions
of quantum sl2. Let h be a formal variable and Uh = Uh(sl2) be an algebra
over Q[[h]], topologically generated by H, E and F such that
HE = E(H + 2), HF = F (H − 2), EF − FE =
K −K−1
q − q−1
,
where K = exp(hH/2) and q = exp(h/2). Denote by Uh⊗ˆUh the h-adic
completion of Uh ⊗ Uh. One can give Uh a ribbon Hopf algebra structure
with the universal R-matrix
Rh = ΘhDh ∈ Uh⊗ˆUh,
where
Θh =
∞∑
m=0
(q−1 − q)m
q
m(m−1)
2 [m]!
Fm ⊗ Em (16)
is the quasi-R-matrix and Dh = q
−H⊗H/2 = exp(−h4H ⊗H) is the diagonal
part of Rh. Here the quantum integer is denoted [m] =
qm−q−m
q−q−1
, by abuse
of notation. Similar to (5, 6) one has
(Ei ⊗ 1)Dh = Dh(E
i ⊗Ki), (1⊗ Ei)Dh = Dh(K
i ⊗Ei), (17)
(F i ⊗ 1)Dh = Dh(F
i ⊗K−i), (1⊗ F i)Dh = Dh(K
−i ⊗ F i). (18)
One can use Figure 1 to define the universal invariant Γh of bottom tangles
and links associated to Uh. Note that in this case one still uses K and K
−1
to label the right oriented ‘cap’ and ‘cup’.
The next version of quantum sl2 was introduced by Habiro in [H2]. Let
A = Z[q, q−1] and U be the A -subalgebra of Uh generated by
K, K−1, e := (q − q−1)E, F (n) := Fn/[n]!, n ∈ Z, n > 0.
Note that U ⊗U contains the summands of Θh.
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The third version of quantum sl2 is a completion of U :
U˜ :=


∞∑
i=0
Ni∑
j=1
xi,j ∈ Uh : Ni ≥ 0, xi,j ∈ U e
i
U

 . (19)
Then U˜ inherits from Uh a complete Hopf algebra structure over A , cf.
Section 2 of [H3]. The completed tensor product U˜ ⊗˜n is the subset of U ⊗ˆnh
consisting of elements of the form
∞∑
i=0
xi,1 ⊗ · · · ⊗ xi,n (20)
with xi,j ∈ U and at least one xi,j ∈ U e
iU , 1 6 j 6 n. For any U˜ -module
W let
Inv(W ) := {w ∈W : x(w) = ǫ(x)w, ∀x ∈ U˜ }
be the invariant submodule. Now we are ready to prove our key lemma.
Proof of Lemma 4.2. Since T is a bottom tangle with 0 linking matrix, by
Theorem 4.1 of [H3]
Γh(T ) ∈ Inv(U˜
⊗˜m), (21)
where U˜ ⊗˜m is considered as a U˜ -module through the left adjoint action.
Next we discuss some properties of Γh(T ) implied by (21).
For any positive integer n let Un := U /〈e
n, F (n),Kn − 1〉 and
̟n : U˜ → U˜ /〈e
n〉 = U /〈en〉 → Un
be the composition of the canonical projections, where the equality above is
clear from (19). By (19, 20) one has
(Id⊗̟⊗(m−1)n )(U˜
⊗˜m) ⊂ U˜ ⊗U ⊗(m−1)n .
Then we have
(Id⊗̟⊗(m−1)n )(Γh(T )) ∈ Inv(U˜ ⊗U
⊗(m−1)
n ),
thanks to (21) and the fact that the ideal 〈en, F (n),Kn − 1〉 is invariant
under ⊲. According to Section 7.2 of [H1], U¯n inherits from Un a trivial
U˜ -module structure. Hence for linear maps χ′j : Un → A factoring through
U¯n we have
Γn(T ;χ
′
2, . . . , χ
′
m) := (Id⊗ χ
′
2 ◦̟n ⊗ · · · ⊗ χ
′
m ◦̟n)(Γh(T )) ∈ Z(U˜ ),
where Z(U˜ ) = Inv(U˜ )‡ denotes the center of U˜ . For i ≥ 0 let
σi :=
i∏
j=1
((q − q−1)2C2h − (q
j + q−j)2),
‡This can be checked easily on the generators.
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where Ch = Fe+
qK+q−1K−1
q−q−1 is the Casimir element of Uh. It was shown in
[H2] that every element in Z(U˜ ) can be written as
∑∞
i=0 ziσi with zi ∈ A +
(q − q−1)A Ch. (He also showed in Proposition 9.4 of [H2] that σi ∈ U e
iU
so the infinite sum is in U˜ .) Therefore there exist zi ∈ A + (q − q
−1)A Ch
such that
Γn(T ;χ
′
2, . . . , χ
′
m) =
∞∑
i=0
ziσi. (22)
Now let’s compare the calculations of Γζ(T ) and Γh(T ), cf. Figure 1.
One can use (5, 6) and (17, 18) to slide the diagonal parts Dζ and Dh
respectively to the initial boundary of each component of T . After the
sliding the diagonal parts in Γζ(T ) and Γh(T ) are canceled because T has 0
linking matrix. Furthermore it is easily seen from (5, 6) and (17, 18) that
the same powers of K are inserted for Γζ(T ) and Γh(T ) after the sliding.
Therefore the difference between Γζ(T ) and Γh(T ) is caused by the quasi-R-
matrices only. For any A -module W let
γ : W →W ⊗A Q(ζ)
be the change of the ground ring map by setting q = ζ. By comparing (3)
and (16) we conclude that
Γζ(T ) = (γ ◦̟
⊗m
ℓ )(Γh(T )).
It is clear that there exists χ′j : Uℓ → A factoring through U¯ℓ such that
ajχj = χ
′
j ⊗ γ for some aj ∈ Z[ζ]. It follows that
(Id⊗χ2⊗· · ·⊗χm)(Γζ(T )) =
1
a2 · · · am
(γ◦(̟ℓ⊗Id
⊗(m−1)))(Γℓ(T ;χ
′
2, . . . , χ
′
m)).
(23)
Since (7) is the minimal polynomial of C, cf. [K2], and φ(C) divides γ ◦
̟ℓ(σi), i ≥ ℓ, we have
γ ◦̟ℓ(Z(U˜ )) ⊂ Q(ζ)[C].
The lemma now follows from (23) and (22). 
4.2. The integral and trace of elements in Z′ζ. Recall from Section 2.3
that ω =
∑
~−1
i=0 [2i+ 1]V2i. When restricted to the center Z(Uζ), tr
ω
q detects
Pi only and
∫
ζ detects N
′
i only, i.e.
Lemma 4.3 ([K1]). For 0 6 i < ~ and 0 6 j 6 ~ we have
trωq (Ni) = tr
ω
q (N
′
i) = 0,∫
ζ
(Pj) =
∫
ζ
(Ni) = 0. (24)
10 QI CHEN, SRIKANTH KUPPUM AND PARTHASARATHY SRINIVASAN
Proof. Recall that Vi is the irreducible Uζ-module of dimension i+ 1. Then
we have
C|Vi =
ζ1+i + ζ−1−i
ζ − ζ−1
· IdVi = bi′ · IdVi ,
where i′ ≡ i2 mod ℓ. This implies tr
Vj
q (Ni) = 0, j = 0, . . . , ℓ − 1, because
Ni contains all the factors (C − bj). (Note that bj = bℓ−1−j .) Therefore
trωq (Ni) = 0. Similarly we have tr
ω
q (N
′
i) = 0. On the other hand since Ni
and Pj do not contain the term E
ℓ−1KF ℓ−1,
∫
ζ(Pj) =
∫
ζ(Ni) = 0 by (14).
(Note that P~ = φ~(C)/φ~(b~) because φ(C) = 0.) 
The above lemma can be used to show the following relation.
Lemma 4.4. We have∫
ζ
(r±1) = ±
ζ2
ℓ2
(ζ − ζ−1)ℓ trωq (r
±1).
Proof. Since the Casimir element C acts on V2j as the scalar multiplication
by bj one has
tr
V2j
q (Pi) = [2j + 1]
(
1
φi(bi)
−
φ′i(bi)
φi(bi)2
(bj − bi)
)
φi(bj)
= [2j + 1] δi,j . (25)
This together with (12) and Lemma 4.3 gives
trωq (r
±1) =
~∑
i=0
ζ±2i(i+1)trωq (Pi)
=
~∑
i=0
ζ±2i(i+1)
~−1∑
j=0
[2j + 1]tr
V2j
q (Pi)
=
~∑
i=0
ζ±2i(i+1)[2i+ 1]2. (26)
Note that [2~+ 1] = [ℓ] = 0. On the other hand we have
∫
ζ
(N ′j) =
∫
ζ
(TjNj) =
∫
ζ
( Tj
φ(bj)
F ℓ−1Eℓ−1
)
=
ζ2
ℓφj(bj)
ℓ−1−j∑
i=j+1
ζ2i =
ζ2[2j + 1]3(ζ − ζ−1)ℓ
ℓ3
. (27)
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Here we use φj(bj) =
ℓ2
(ζ−ζ−1)ℓ[2j+1]2
. By (12) and Lemma 4.3 we have
∫
ζ
(r±1) = ±ℓ
~∑
i=0
ζ±2i(i+1)
[2i+ 1]
∫
ζ
(N ′i)
= ±
ζ2
ℓ2
(ζ − ζ−1)ℓ
~∑
i=0
ζ±2i(i+1)[2i+ 1]2. (28)
The lemma follows from (26) and (28). 
We introduce the following elements in U∗ζ :
Trζ,±(x) =
trωq (x)
trωq (r
±1)
,
∫
ζ,±
(x) =
∫
ζ(x)∫
ζ(r
±1)
, ∀x ∈ Uζ .
Lemma 4.5. For any x in Z ′ζ and non-negative integer n,∫
ζ,±
(x r±n) = nTrζ,±(x r
±n). (29)
Proof. By Lemma 4.4, it is enough to show that for any x in Z ′ζ and non-
negative integer n we have∫
ζ
(xr±n) = ±
nζ2
ℓ2
(ζ − ζ−1)ℓ trωq (xr
±n). (30)
By Lemma 4.1 it is enough to show (30) for x = Pi and Ni.
We show (30) for x = Ni. By (12), we have
r±n =
~∑
i=0
ζ±2i(i+1)n
(
Pi ± n
2i+ 1− ℓ
[2i+ 1]
Ni ±
nℓ
[2i + 1]
N ′i
)
. (31)
Hence by Lemma 4.3
trωq (Ni r
±n) = ζ±2i(i+1)n trωq (Ni) = 0,
and ∫
ζ
(Ni r
±n) = ζ±2i(i+1)n
∫
ζ
(Ni) = 0.
Therefore (30) holds if x = Ni.
We show (30) for x = Pi. By (31)
Pi r
±n = ζ±2i(i+1)n
(
Pi ± n
2i+ 1− ℓ
[2i+ 1]
Ni ±
nℓ
[2i+ 1]
N ′i
)
.
Hence by Lemma 4.3 and (25)
trωq (Pi r
±n) = ζ±2i(i+1)n trωq (Pi) = ζ
±2i(i+1)n [2i + 1]2.
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On the other hand
∫
ζ
(Pi r
±n) =
±nℓ
[2i+ 1]
ζ±2i(i+1)n
∫
ζ
(N ′i)
=
±nℓ
[2i+ 1]
ζ±2i(i+1)n
∫
ζ
(N ′i)
= ±
nζ2
ℓ2
(ζ − ζ−1)ℓ ζ±2i(i+1)n[2i+ 1]2 by (27)
= ±
nζ2
ℓ2
(ζ − ζ−1)ℓ trωq (Pir
±n).
Hence (30) holds for x = Pi. 
4.3. Quantum invariants of rational homology 3-spheres. For any
element c ∈ Uζ and µ ∈ U
∗
ζ , let µ
c be an element in U∗ζ defined by
(µc)(x) = µ(cx), ∀x ∈ Uζ .
The following lemma is an easy extension of Remarks 2.1 and 2.2. We omit
its proof.
Lemma 4.6. If c ∈ Z(Uζ) then Tr
c
ζ,± and
∫ c
ζ,± factor through U¯ζ .
Now we are ready to prove Proposition 3.1.
Proof of Proposition 3.1. Let M be a rational homology 3-sphere which can
be obtained from S3 by surgery along an algebraically split link L. Suppose
L has m components with framings f1, . . . , fm. Denote the sign of fi by ǫi.
Denote by TL a bottom tangle whose natural closure is L. Let T
(0)
L be the
bottom tangle obtained from TL by changing the framing of each component
to 0. For any 1 6 i 6 m set
zi :=

 i−1⊗
j=1
Trr
−fj
ζ,−ǫj ⊗ Id⊗
m⊗
k=i+1
∫
r
−fk
ζ,−ǫk

 (Γζ(T (0)))
By Lemmas 4.2 and 4.6 we have zi ∈ Z
′
ζ . Therefore by Lemma 4.5 we have
∫
r
−fi
ζ,−ǫi
(zi) = |fi| · Tr
r
−fi
ζ,−ǫi
(zi). (32)
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This equation shows that switching from
∫
r
−fi
ζ,−ǫi
to Trr
−fi
ζ,−ǫi
on the i-th com-
ponent produces a factor |fi|. Hence by (15) we have
ψζ(M) =
(∫
ζ,−ǫ1
⊗ · · · ⊗
∫
ζ,−ǫm
)
(Γζ(L))
=
(∫
r
−f1
ζ,−ǫ1
⊗ · · · ⊗
∫
r
−fm
ζ,−ǫm
)
(Γζ(T
(0)))
=
∫
r
−f1
ζ,−ǫ1
(z1) = |f1| · Tr
r
−f1
ζ,−ǫ1(z1) by (32)
= |f1| ·
∫
r
−f2
ζ,−ǫ2
(z2) = |f1f2| · Tr
r
−f2
ζ,−ǫ2(z2) = · · ·
= |f1 · · · fm| · Tr
r
−fm
ζ,−ǫm(zm)
= |f1 · · · fm| · (Tr
r
−f1
ζ,−ǫ1 ⊗ · · · ⊗ Tr
r
−fm
ζ,−ǫm)(Γζ(T
(0)))
= |f1 · · · fm| · (Trζ,−ǫ1 ⊗ · · · ⊗ Trζ,−ǫm)(Γζ(L))
= h(M) τζ(M).
This ends the proof of Proposition 3.1. 
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